We calculate the radiative corrections to the angular correlation between the polarization of the decaying and the direction of the emitted spin one-half baryons in the semileptonic decay mode to order (α/π)(q/M 1 ), where q is the momentum transfer and M 1 is the mass of the decaying baryon. The final results are presented, first, with the triple integration of the bremsstrahlung photon ready to be performed numerically and, second, in an analytical form. A third presentation of our results in the form of numerical arrays of coefficients to be multiplied by the quadratic products of form factors is discussed. This latter may be the most practical one to use in Monte Carlo simulations. A series of crosschecks is performed. This paper is organized to make it accessible and reliable in the analysis of the Dalitz plot of precision experiments involving heavy quarks and is not compromised to fixing the form factors at predetermined values. It is assumed that the real photons are kinematically discriminated. Otherwise, our results have a general model-independent applicability.
I. INTRODUCTION
The radiative corrections (RC) to spin one-half baryon semileptonic decays face three levels of complications. Despite the important progress achieved in the understanding of the fundamental interactions with the Standard Model [1] , no first principle calculation of these corrections is yet possible. RC become then committed to model dependence and, what is worse, experimental analyses which use these calculations become model dependent, too. The second level comes from the fact that RC depend on the process characteristics, such as charge assignment of the baryons, type of the emitted charged lepton, size of the momentum transfer q involved, and whether real photons can be experimentally discriminated or not. RC also depend on the observable which is to be measured. All this requires RC to be recalculated every time the process characteristics and the observables are changed. At the third level one finds complications of a practical nature. It turns out that the final results of RC calculations are rather very inefficient to use or are long and tedious to the point that their use becomes unreliable. Fortunately, all the above complications can be solved rather satisfactorily.
Although the model dependence of the virtual RC cannot be eliminated, an extension to baryon semileptonic decays of an analysis of Sirlin [2] of these corrections in neutron beta decay shows that to orders (α/π)(q/M 1 ) 0 and (α/π)(q/M 1 ), where M 1 is the mass of the decaying baryon, the corresponding model-dependence amounts to several constants. These constants can all be absorbed into the already present form factors of the weak decay vertex. In addition, the theorem of Low [3] in its presentation by Chew [4] can be used to show that to these two orders of approximation the bremsstrahlung RC depend only on the non-radiative form factors and on the static electromagnetic multipoles of the particles involved. Accordingly, no model-dependence is introduced in this other part of the RC. Within these orders of approximation it is then possible to obtain final expressions for the RC that can be used in model-independent experimental analyses.
The price is that it will be the effective form factors (which may be indicated by putting a prime on them) that can be experimentally determined. The separation of the original form factors from the model dependence of RC is then a theoretical problem only. It is in this sense that the first level of complications is put under control.
To deal with the second level one must make an effort to calculate RC in a way as general as possible and to be able to obtain results which can be used directly to obtain the final results of other possible baryon semileptonic decays. In a recent publication [5] we showed that of the six allowed charge assignments to the baryons when heavy quarks are involved, namely, A − →
it is necessary only to calculate the RC to the first two, to which we shall refer to as charged decaying baryon (CDB) and neutral decaying baryon (NDB), respectively. The RC to the other four cases are then obtained from these two. We also showed that this property is valid up to order (α/π)(q/M 1 ), when l = e ± , µ ± , and τ ± and for any observable of baryon semileptonic decays.
The problem of calculating RC is reduced considerably this way, although it will still be necessary to recalculate for different observables and whether real photons are discriminated or not in the first two cases.
The third level of complications has been dealt with by computing analytically the triple integrals over the real photon variables. A numerical calculation of these integrals makes the application of RC to a Monte Carlo simulation practically impossible, because every time the values of the kinematical variables are varied those integrals must be recalculated. The analytical form of RC solves this problem. However, the results are very long and tedious and the use of this latter form may become unreliable. To control this it is very important that the analytical result be well organized and that it be crosschecked with the triple numerical integration form. A successful crosscheck allows the user to gain confidence on the analytical result and on its feeding into a Monte Carlo simulation. It may still be convenient to find a third presentation of RC, which would make their use more practical.
From the above discussion it is clear that the calculation of RC to baryon semileptonic decays must be done following a program (see Ref. [5] and references therein). In previous publications we obtained the RC to the Dalitz plot of unpolarized decaying baryons up to order (α/π)(q/M 1 ) [6, 7] . In Ref. [8] we calculated to order (α/π)(q/M 1 ) 0 the RC to the Dalitz plot with the angular correlationŝ 1 ·p 2 when the initial baryon is polarized alongŝ 1 and the final baryon in emitted alongp 2
In the present paper we want to attain two goals. The first one is to continue with our program and to calculate to order (α/π)(q/M 1 ) the RC to the differential angular correlationŝ 1 ·p 2 . The second one is to present the RC in the form of numerical arrays which should be applied to the quadratic products of form factors that appear in the RC, up to order (α/π)(q/M 1 ). We shall cover both CDB and NDB cases.
The ordering of the paper is as follows. In Sec. II we present the results to order (α/π)(q/M 1 )
for the virtual RC. In Sec. III we give the results for the bremsstrahlung RC in the triple numerical integration form and combine them with the virtual RC results to obtain our first main result.
In addition, we give the corresponding fully analytical results. In Sec. IV we perform several crosschecks and compare with other published results. In Sec. V we proceed towards our second goal. The last Sec. VI is dedicated to a summary and to concluding remarks.
In order not to obscure the physics we have moved to Appendices A, B, and C the very many algebraic expressions that appear in the analytical results. In this paper we exhibit only new expressions. However, previously published expressions are required in these results. We do not reproduce them here. Instead, we give all the necessary references so that the reader can identify them correctly. The text and these appendices are organized so as not to obscure the physics and to make accessible the use of our results. Performing the analytical integrals is long an tedious.
In order to help the reader interested in checking our results we have introduced the Appendix D, where the previous and new integrals can be identified. In Secs. IV and V we provide several numerical tables with the purposes of illustration and, more importantly, of helping the user to check his numerical results with ours.
II. VIRTUAL RADIATIVE CORRECTIONS
Our first purpose in this section is to review our notation and conventions. Next we shall discuss the virtual RC to theŝ 1 ·p 2 angular correlation over the Dalitz plot to order (α/π)(q/M 1 ). The uncorrected transition amplitude M 0 for the baryon semileptonic decays
G V is the Fermi decay constant multiplied by the appropriate Cabibbo-Kobayashi-Maskawa factor
[1]. A and B are spin one-half baryons, l is the charged lepton, and ν l is the accompanying antineutrino or neutrino as the case may be. u A , u B , u l or v l , and v ν or u ν are their corresponding spinors. The weak interaction vertex is
where
, and γ µ and γ 5 are Dirac matrices. q ≡ p 1 − p 2 is the four-momentum transfer, and f i (q 2 ) and g i (q 2 ) are the vector and axial-vector form factors, respectively. Each form factor is assumed to be real in this work. The four-momenta and masses of the particles involved in (1) are p 1 = (E 1 , p 1 ) and M 1 , p 2 = (E 2 , p 2 ) and M 2 , l = (E, l) and m, and p ν = (E 0 ν , p ν ) and m ν , respectively. Our calculations will be specialized to the centerof-mass frame of A. In this frame, p 1 , p 2 , l, and p ν will also represent the magnitudes of the corresponding three-momenta, no confusion will arise from this. The directions of these momenta will be indicated by a caret, e.g.,p 2 .
Our approach to virtual RC follows the procedure of Ref. [2] . It has been discussed extensively in our previous works (see Ref. [6] ), so only a few salient facts will be repeated here. The virtual RC can be separated into a model-independent part M v and into a model-dependent one which amounts to six constants. These latter can be absorbed into the corresponding form factors of (3), this is indicated by a prime on M 0 . The RC in M v are finite in the ultraviolet, contain the infrared cutoff, and are gauge invariant. We shall limit ourselves here to exhibit explicitly only the new contributions of order (α/π)(q/M 1 ) to the Dalitz plot with theŝ 1 ·p 2 correlation. However, previous results are needed in the complete result. We shall give ample referencing to them.
The transition amplitude with virtual RC is
The calculation of all the integrals over the virtual photon four-momentum that appear in M V have been performed already to order (α/π)(q/M 1 ) in Ref. [6] for the CDB case and in Ref. [7] for the NDB case. The corresponding results are compactly expressed as
where i = C, N separates the CDB and NDB cases, respectively. The matrix element M pC and the explicit forms of Φ C and Φ ′ C are found in Eqs. (8), (6) , and (7) of Ref. [6] , respectively. The corresponding ones of M pN , Φ N , and Φ ′ N are found in Eqs. (6), (7) , and (8) of Ref. [7] , once the identifications Φ N = 2Re φ and Φ ′ N = 2Re mφ ′ are made.
The Dalitz plot with virtual radiative corrections is now obtained by leaving E and E 2 as the relevant variables in the differential decay rate for process (1) and specializing the result to exhibit explicitly the angular correlationŝ 1 ·p 2 . After making the replacement
, squaring the resulting amplitude, and rearranging terms we obtain for the differential decay rate
In Eq. (6) the first two terms within curly brackets correspond to the unpolarized Dalitz plot. For i = C they can be found in Ref. [6] 
and
The phase space factor of Eq. (6) 
1 , the cosine y 0 of the angle between the directions of the emitted baryon and the charged lepton is y 0 = 
III. BREMSSTRAHLUNG RADIATIVE CORRECTIONS AND FINAL RESULTS
The radiative process that accompanies (1) is
where the real photon γ carries four-momentum k = (ω, k) and the neutrino energy is now
The Dalitz plot for this four-body decay covers the three-body region of (1) and extends over it by a region where both E ν and ω are always non-zero simultaneously. We shall refer to this extension as the four-body region. A detailed discussion of these two regions as well as explicit expressions of their boundaries in the (E, E 2 ) plane are given in Ref. [8] . Even if experiments have no provision to detect the real photons in (10), a precise measurement of E and E 2 still allows to discriminate against photons belonging to the four-body region. We shall assume in this paper that this is the case and shall restrict our calculations to the three-body region of (10).
In order to establish our notation and conventions and to make the necessary connections with our previous work, we must briefly review the derivation of the bremsstrahlung differential decay rate. According to the Low theorem [3] , the amplitude for process (10) with contributions of orders 1/k and k 0 depends only on the form factors of the non-radiative amplitude (2) and on the static electromagnetic multipoles of the particles involved. The model dependence included by the real photon appears in new form factors which vanish at least linearly with k. These latter contribute to orders (α/π)(q/M 1 ) 2 and higher to the differential decay rate. Thus, within the approximations of this paper this part of the RC is model independent. The transition amplitude consists of the sum of three terms, namely,
As in Sec. II, the subindex i = C, N is used to distinguish CDB and NDB cases, respectively. The (21), (22), and (23) of Ref. [7] , respectively. Using the Σ(s 1 ) projector in Eq. (11), squaring the matrix element, performing the trace calculations, inserting the appropriate phase space factor, and indicating the integrations over the photon variables, the differential decay rate can be compactly given as
The analytical result to order (α/π)(q/M 1 ) of the unpolarized decay rate dΓ ′ iB was calculated in Ref. [6] for the CDB case and in Ref. [7] for the NDB case. They can be found in Eqs. (48) and (54) of such references, respectively. The polarized decay rate dΓ (s) iB was calculated analytically to order (α/π)(q/M 1 ) 0 in Ref. [8] . The final results are given in Eq. (101) of this reference, for both CDB and NDB cases.
iB is new. Let us now proceed with it. This decay rate consists of the sum of three terms
iB1 M iB1 and it contains the infrared divergence and the finite terms that accompany it. To extract them we follow the procedure used in Ref. [8] , which extended the formalism introduced in Ref. [9] for K l3 decays. The second and third summands in Eq. (13) An important remark is in order here. It turns out that trying to compute the terms of order (α/π)(q/M 1 ) only and then adding them to the results of Ref. [8] is long and more cumbersome than doing from the start the full calculation containing both (α/π)(q/M 1 ) 0 and (α/π)(q/M 1 ) contributions. Accordingly, our new expressions will contain the previous and the new contributions. It is then easy to verify that by eliminating the (α/π)(q/M 1 ) terms in the new expressions one obtains the ones of Ref. [8] .
The procedure to calculate the CDB and NDB cases differ substantially. We shall deal with them successively in the next two subsections
A. Charged decaying baryon case
The polarized radiative differential decay rate can be cast into the form
I C0 contains the infrared divergence and the finite terms that accompany it. It was calculated already, its explicit form is found in Eq. (52) of Ref. [8] . B A consists of the sum of three terms, namely,
The integrations over the photon three-momentum are to be performed through the variables y = p 2 ·l, x =l ·k, and the azimuthal angle ϕ k of k. The traces of the square of the matrix elements
give
Here
·k, and ω = F/(2D), with F = 2p 2 l(y 0 − y). The form factors of the vertex (3) are contained in the Q i coefficients. These are collected in Appendix A.
The complete differential decay rate, containing the Dalitz plot with virtual and bremsstrahlung RC to order (α/π)(q/M 1 ), is compactly expressed as
where the detailed expressions of dΓ CV and dΓ CB , containingŝ 1 , can be traced starting at Eqs. (6) and (14). One can check that the infrared cutoff λ contained in the virtual RC is canceled by its counterpart in the bremsstrahlung RC. Eq. (20) is model-independent to order (α/π)(q/M 1 ).
The photon triple integrals of Eq. (16) remain to be performed numerically. This is our first main result, in the sense that it can already be used in a Monte Carlo simulation. It complies with all the requirements discussed in the Introduction to solve the difficulties of the first two levels.
However, it still presents problems of the third level. The triple numerical integration form is still unpractical. This difficulty can be substantially solved because such triple integrations can be calculated analytically.
We shall now proceed to obtain the analytical counterpart of theŝ 1 ·p 2 correlation contained in Eq. (20). Within our approximations all the form factors are constant and can be factored out of the very many triple integrals. A convenient rearrangement of the C R of Eq. (15) is
The 
In this last equation 
B. Neutral decaying baryon case
The calculation of dΓ (s) N B proceeds in two ways. One possibility is to perform a straight-forward calculation using the tools described in the previous section. Another possibility is to use the approach introduced in Ref. [7] to deal with the convergent pieces of dΓ N B . All the (α/π)(q/M 1 ) terms can be obtained using the approximation
and this will allow us to incorporate all the terms of order (α/π)(q/M 1 ) that arise from this ratio. The advantage of this second possibility is that all the convergent terms of the NDB case are then obtained from their counterparts for the CDB case up to a few additional terms.
This approximation, however, cannot be used in the divergent terms and hence we need standard techniques to calculate them. In the first term of Eq. (13) the infrared divergence is handled as in
Ref. [7] and afterwards the approximation (27) is used. One gets
The next term in Eq. (13) can be arranged using (27) into
To calculate the third term in (13) we can use the approximations W λ ≃ γ λ (f 1 +g 2 γ 5 ) and p 2 ≃ p 1 .
The traces that arise are practically the same as in dΓ
CBIII . However, there is a difference to order (α/π)(q/M 1 ) which gives rise to aC 
The polarized decay rate becomes
I N 0 contains the infrared divergence and the finite terms that accompany it. It was calculated already, its explicit form is found in Eq. (40) of Ref. [7] . As before in Eq. (7), B 
After some tedious but straight-forward trace calculations their explicit forms are obtained.
with i = I, II, III. Here D 3 = 2(−g
The complete differential decay rate that contains the Dalitz plot of the NDB case including thê s 1 ·p 2 correlation can be expressed compactly as
where the detailed expressions of dΓ N V and dΓ N B containingŝ 1 are traced starting at Eqs. (6) and (31). This is our second main result and the discussion of the previous subsection applies to it: its triple numerical integration form is still unpractical. This difficulty is solved by performing analytically the triple integrals contained in Eq. (31). We have to concentrate only on C 
The explicit analytical expressions of the ρ i and ρ 
and 
IV. CROSSCHECKS
There are several points we want to make in this section. One is that the analytical results are so long that it is important to check them. Another one is that there are some results already available in the literature [10] and we should compare with them. An even more important point is to provide the reader interested in using our result with numbers to be reproduced.
To crosscheck the analytical results we use the triple numerical integration form of the RC.
We make numerical comparisons of both forms by fixing the values of several form factors and of the Dalitz plot variables E and E 2 . A complete crosscheck requires the use of several choices of non-zero values for all the six form factors and a range of values of the pair (E, E 2 ) over the Dalitz plot. Also, the comparison with the numerical results of Ref. [10] should be made in the several cases covered there. All these crosschecks and comparisons were satisfactory and it is not necessary to display all the details here. Accordingly, we shall present a minimum of numerical tables and limit our discussion to them.
For definiteness, we shall work with the decays Σ − → neν and Λ → peν as examples of CDB and NDB cases. The reason for this is that numerical RC for these two decays were produced in Ref. [10] . We shall accordingly fix the form factors at the values used in this reference, namely, 22) of Ref. [6] . We neglected the anomalous magnetic moment of the electron, due to its smallness.
As an example of the numerical crosscheck we display Table I for Σ − → neν, where for generality we allowed g 2 , g 3 , f 3 = 0. In the upper entries (a) we use the triple numerical integration form to obtain the RC for C (s)
A of theŝ 1 ·p 2 correlation covering a lattice of points over the Dalitz plot. The energies E and E 2 enter through δ = E/E m and σ = E 2 /M 1 . E m , σ max , and σ min are determined using the boundaries of the three body region given in Ref. [8] . The lower entries (b)
contain the RC for the same C
(s)
A calculated with the analytical form. An inspection of this table shows an agreement to two decimal places and the third one being close. To proceed with the comparison with Ref. [10] we must use the difference defined there, namely,
and as before i = C, N and α 0 (E,
for both values of i. One may interpret α Bi (E, E 2 ) as the asymmetry parameter of the emitted baryon at (E, E 2 ) points of the Dalitz plot. Here we must choose the same (E, E 2 ) points as in Ref. [10] and, as already mentioned, use the same values of the form factors. However, it should be stressed that our final results are not compromised to fixing the values of the form factors.
Before proceeding with a detailed comparison with the numbers of this reference, there is a point that must be kept in mind. The approximations used in our work and in Ref. [10] are not quite the same. We used the Low theorem to calculate the bremsstrahlung RC and in this reference it was assumed that both baryons involved were point-like and higher (α/π)(q/M 1 ) n contributions (n ≥ 2) were included in this part. Another interesting thing is to compare our order (α/π)(q/M 1 ) results with our previous order (α/π)(q/M 1 ) 0 results. As explained earlier these latter are reproduced here when the (α/π)(q/M 1 ) contributions are neglected.
We performed many comparisons and, as before, there is no need to present all the details.
One example, the Λ → peν case is enough for this discussion. The results are displayed in Table   II . In the upper (a) part only the order (α/π)(q/M 1 ) 0 is given. Both this order and the order (α/π)(q/M 1 ) contributions are added in the middle part (b). The numerical results of Ref. [10] are reproduced in the lower part (c). A numerical crosscheck was also performed in producing parts (a) and (b). We do not reproduce it here, the agreement was as good as in Table I .
An inspection of Table II shows that the order (α/π)(q/M 1 ) is systematically perceptible at the second significant digit and even at the first one. In comparing with Ref. [10] , one can see a better agreement with the middle table (b). The agreement at the first significant digit improves as the RC grow in size and also the variations in the second digit become smaller. There are differences, however. They may be explained as due to the different approximations used. Also, comparing entries (a) and (b) one may conclude that for light quark hyperon semileptonic decays the order (α/π)(q/M 1 ) is perceptible enough and that when heavy quarks are involved contributions of this order become relevant in precision experiments.
Let us now turn to a different form to use our results. A form which may provide a more efficient use of them in a Monte Carlo simulation and which still is not compromised to fixing values of the form factors, as was the case in Table II .
V. NUMERICAL FORM OF THE RADIATIVE CORRECTIONS
We now come to our second goal in this paper. In the previous sections we have obtained the RC to CDB and NDB in two forms. The first one has triple integrals over the real photon variables ready to be performed numerically. The second one is fully analytical. Although this latter one is already practical it is still long and tedious. It still requires that the RC be calculated within the Monte Carlo simulation every time E and E 2 are varied. This is much faster than performing the triple integrals, but, it still represents a non-negligible computer effort. We shall now discuss a third form of the RC that may be more practical to use.
For fixed values of E and E 2 , Eqs. (25) and (26) for the CDB case and Eqs. (45) and (46) for the NDB case take the form ij coefficients determined at fixed values of (E, E 2 ) and that these pairs of (E, E 2 ) cover a lattice of points on the Dalitz plot.
To calculate the coefficients a m ij it is not necessary to rearrange our final results, either analytical or to be integrated, so that they take the form (49). One can calculate them following a systematic To illustrate all this and to further discuss it we have produced arrays presented in two tables, selecting in each one ten points (E, E 2 ) over the Dalitz plot. We have chosen two examples, Λ → peν of a NDB case which is displayed in Table III and Λ + c → Λe + ν of a CDB case which is displayed in Table IV . This latter also serves as an example of a heavy quark decay. As in the previous section, the more important purpose is to provide the user with numbers to compare with.
The arrays of these two tables were obtained using the RC in the analytical form. In the Λ + c case we used the formulas for the charge assignments A − , B 0 , l − of the CDB case of the previous sections and then applied the rules of Ref. [5] to obtain the results for the charge assignment A + , B 0 , l + of this particular case. In these tables we have restored our standard notation for the axialvector form factors g 1 , g 2 , and g 3 . The masses used are those of Sec. IV, M 1 (Λ + c ) comes from
Ref.
[1], and we assume an estimate for κ(Λ + c ) = 0.1106M N . The first fact that appears in these tables is that the RC do not depend on the form factor products f Tables III and IV . The nonappearance of these products cannot be seen easily in our final results of Sec. III. The other fact is that the non-zero RC to each form factor product vary appreciably from one (E, E 2 ) point to another. This means that replacing the precision results of Sec. III with an array of only a few columns over the Dalitz plot is far from satisfactory. Therefore the lattice of (E, E 2 ) points must be much finer than only a few points.
The use of this third presentation of RC is very practical in the sense that such RC can be 
VI. SUMMARY AND CONCLUSIONS
We have obtained in Secs. II and III the RC to the angular correlationŝ 1 ·p 2 to order (α/π)(q/M 1 ). Our final results are given in two forms. The first one is the triple numerical integration form, in which the integrations over the real photon variables are explicitly exhibited and remain to be performed numerically. The second one is the analytical form where those integrations have all been calculated analytically. We covered two cases, the CDB and the NDB ones whose final results are given in Eqs. (24) and (44), respectively. The analytical results are very long and tedious. To make their use more accessible we have collected the numerous Q i and Λ i algebraic expressions which appear in the CDB case in Appendices A and B, respectively. The NDB case uses these expressions and also the ρ i ones. These latter were collected in Appendix C. Our analytical results were crosschecked and compared with other results available in literature.
This we have done in Sec. IV. We have limited ourselves to discuss the decay Σ − → neν as an example of the crosschecks and Λ → peν as an example of the comparisons with Ref. [10] .
In addition, in this latter decay we also included a comparison between our RC to orders (α/π)(q/M 1 ) 0 and (α/π)(q/M 1 ).
We have discussed in Sec. V another possibility to use our results in an experimental analysis.
One can calculate the numerical factors of the quadratic products of the form factors that appear in the RC at fixed values of (E, E 2 ). These factors can be organized in arrays to be multiplied upon such products, covering a lattice of (E, E 2 ) points over the Dalitz plot. We discussed two examples of this possibility, a CDB one and NDB one.
Apart from illustration purposes, the several tables in this paper provide numbers to compare with. Also, our calculations rely heavily on previous results. Apart from discussions in text, we have given in Appendix D details to allow the identification of our previous and new analytical results for the many integrals.
To close, let us recall that our results are general within our approximation. They can be applied in the other four charge assignments of baryons involving heavy quarks and whether the charged lepton is e ± , µ ± , or τ ± . They are model independent and are not compromised to fixing the form factors at prescribed values. The above calculations should be extended to cover precision RC in theŝ 1 ·l correlation [11] and in the four body region [12] . We hope to return to these cases in the near future.
,
Here, κ 1 and κ 2 denote the anomalous magnetic moments of the decaying and emitted baryons, respectively.
The tildes on Q 6 and Q 7 indicates that contributions of order (q/M 1 ) 2 
APPENDIX B: COLLECTION OF THE Λ i FUNCTIONS
Here we give the analytical expressions of the Λ i functions that appear in Sec. III in the analytical form of the RC to the polarized decay rate. In these Λ i we introduced the definitions and (1 − βx) are denoted by {rpmn}. Since each one of these quantities is a rotational scalar, one may change the orientation of the space axes. Forŝ 1 ·â we use the rule [8] s 1 ·â → (ŝ 1 ·p 2 )(â ·p 2 ), whereâ =p 2 ,l, ork. This considerably simplifies the calculation of such integrals. One can classify these integrals into three groups. In the first one we can directly identify integrals previously performed. This occurs forâ =p 2 and {rpmn} = {0012, 0011, 0010}, then one identifies θ 2 , θ 3 and θ 4 of Ref. [8] . Forâ =l and {rpmn} = {0010, 0011, 0012, 0121} one identifies the functions ζ pq . Forâ =k and {rpmn} = {0010, 0120, 0011, 0012, 0121, 0122, 0231} one identifies the functions χ pq .
In the second group are new integrals that can be expressed as combinations of previous results in terms of η 0 = 1 + y 0 and θ 0 , θ 2 , . . . , θ 18 also of Ref. [8] . This occurs forâ =p 2 and {rpmn} = {0000, 0001, 00(−1)1, 0111, 0121, 0122, 0231, 1010}, forâ =l and {rpmn} = {0000, 0001, 0002, 0120, 0101}, and forâ =k and {rpmn} = {0001, 1010, 0111, 0112, 0230}.
Omitting details, such combinations are accommodated into the Λ i of Appendix B.
The third group contains, after applying the above rule, only four new integrals withâ =p 2 and the powers are {rpmn} = {0211, 2120, 1110, 0331}. The first three of them are straightforward.
Explicitly they are 
